In this note, we solve the problem of constrained stabilization on the n−dimensional unit sphere by mapping it to a navigation problem on the Euclidean space R n in the presence of spherical obstacles. As a consequence, any controller that was originally designed for navigating in Euclidean sphere worlds can be used to solve the stabilization problem on the n−sphere in the presence of conic constraints. A simulation example on the 2−sphere illustrates the effectiveness of the proposed approach.
Introduction
Different mechanical systems of interest have state components that are restricted to evolve on the n−sphere. Example of such systems are the spherical pendulum Shiriaev et al. (2004) , the nonholonomic rolling sphere Das and Mukherjee (2004) , the reduced-attitude or spinaxis stabilization of rigid bodies Bullo et al. (1995) ; Tsiotras and Longuski (1994) and the thrust-vector control for quad-rotor aircraft Hua et al. (2009) . Brockett (1973) developed a theory for the most elementary class of control problems defined on spheres where he discussed issues related to controllability, observability and optimal control without an explicit search for control laws. Bullo et al. (1995) proposed a geometric approach to design controllers for control systems on the sphere relying on the notion of geodesics on the sphere. Since the manifold S n is not diffeomorphic to a Euclidean space (it is a compact manifold without boundary), there exist no smooth control law that globally stabilizes an equilibrium point on the n−sphere since the domain of asymptotic stability of any critical point of a continuous vector field needs to be diffeomorphic to a Euclidean space, see, e.g., (Wilson, 1967, Theorem 2.2) . Recently, hybrid approaches such as Mayhew and Teel (2013) and
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Email addresses: berkane@kth.se (Soulaimane Berkane), dimos@kth.se (Dimos V. Dimarogonas). Casau (2015) have been proposed to guarantee robust global asymptotic and exponential stabilization on the n−sphere.
However, in contrast to the unconstrained stabilization problem, there are only few research works that have considered the constrained stabilization problem on the n−sphere. This problem is relevant in different applications such as the pointing maneuver of a space telescope towards a given target (e.g., planets and galaxies) during which the telescope's sensitive optical instruments must not be pointed towards bright objects such as stars. The control barrier functions approach on manifolds Wu and Sreenath (2015) can be used to solve the constrained stabilization on the n−sphere at the expense of solving a state-dependent online quadratic program. The constrained stabilization on the 2−sphere can also be lifted to the constrained (full) attitude stabilization problem where different other approaches exists. Spindler (2002) proposed a geometric control law that minimizes a given cost functional to solve the problem of maneuvering a rigid spacecraft attitude from rest to rest while avoiding a single forbidden direction. In Lee and Mesbahi (2014) a logarithmic barrier potential function is used to synthesize a quaternion-based feedback controller that solves the attitude reorientation of a rigid body spacecraft in the presence of multiple attitude-constrained zones. Another potential-based approach to the attitude constrained control problem on the rotation space SO(3) has been proposed in Kulumani and Lee (2017) .
In this work we consider the constrained stabilization problem of dynamical systems evolving on a configuration space defined by the unit n−sphere. The constraints considered here are conic-type constraints in the sense that we force the state on the n−sphere (which can be seen as an a unit axis) to keep minimum safety angles with respect to some given set of unit axes. Our proposed solution consists in showing that the considered constrained n−sphere manifold is diffeomorphic to a Euclidean space R n punctured by spherical obstacles via the stereographic projection Uwe Helmke and John B. Moore (1996) with respect to one of the obstacles axes. Moreover, when considering first and second order dynamics on the n−sphere, we prove that the pushforward vector field in the new stereographic coordinates is feedback linearizable and, therefore, we are able to map the given constrained stabilization problem on the n−sphere to a navigation problem on a Euclidean sphere world as treated for instance in Koditschek and Rimon (1990) .
Finally, the paper is organized as follows. In Section 2 we define a the first-order kinematic model on the n−dimensional sphere under the assumption of full controlability. Then, we define our constrained n−sphere by removing an arbitrary number of disjoint conic regions on the n−sphere and our problem consists in steering points in the free-space to a desired target. In Section 3 we present our main results which consist first of using the stereographic projection to map the constrained n−sphere to a Euclidean manifold punctured by spherical obstacles. Then, in subsections 3.2 and 3.3 respectively, the first-order kinematic and second-order dynamic models on the n−dimensional sphere are mapped via feedback to single and double integrators, respectively, evolving on the resulting constrained Euclidean manifold. In Section 4, an illustrative example using the kinematic model on 2−sphere is used along with the navigation functions approach on R 2 to illustrate the idea of our work. Some concluding remarks and future work are given in (5). Notation: We use N, R and R ≥0 to denote, respectively, the sets of positive integers, real and nonnegative real numbers. R n denotes the n−dimensional Euclidean space. I n denotes the n × n identity matrix and e k corresponds to the k−th column of I n . The Euclidean norm of x ∈ R n is defined as x = √ x x where (·) denotes the transpose of (·).
Problem Formulation
The unit n−sphere, denoted as S n , is an n−dimensional manifold that is embedded in the higher dimensional Euclidean space R n+1 . It is described by the fact that all points on S n have unit norm 1 , i.e., S n := {x ∈ R n+1 : x = 1}.
(1) 1 n−Dimensional spheres that are defined with non-unit norm and/or non-zero center are referred to simply as n−sphere (without the adjective "unit").
The tangent space to S n at a given point x is defined by the following n−dimensional hyperplane
which represents all vectors in R n+1 that are perpendicular (using the standard inner product in R n+1 ) to the point x ∈ S n . We consider the following first order kinematic model on the n−spherė
where u ∈ R m is the control input and Π : R n+1 → R (n+1)×m is a smooth matrix-valued function satisfying the following assumption:
Assumption 1 is a controlability assumption that imposes the fact that we can steer any point on S n in any direction by appropriatly choosing the control input u Bullo and Lewis (2005) . As an example, the kinematics of the reduced attitude on S 2 Chaturvedi et al. (2011) are of the form (3) with with u being the angular velocity and
with × represting the cross product operator. Another example is the kinematic model of the unit quaternion on S 3 , see Shuster (1993) , which fits the form (3) with u being the angular velocity and
Note that assumption 1 implies the following lower bound on the input's dimension
which allows for the kinematic model (3) to be either fully actuated (m = n) or over-actuated (m > n). An example of a fully actuated model is the attitude kinematics on the quaternion space S 3 while the kinematics of the reduced attitude on S 2 defines an over-actuated model.
Remark 1 In the fully actuated case, and under Assumption 1, the columns of the matrix Π(x) should then constitute a basis for the tangent space T x S n . However, since S n is not parallelizable for any n, the columns of Π(x) cannot define, in general, a smooth basis for the tangent space T x S n . In fact, there exist only three parallelizable spheres which correspond to n ∈ {1, 3, 7}, see for instance Bott and Milnor (1958) . Therefore, in all other cases we must have an over-actuated model (m > n) if we want Π(x) to generate a smooth vector field on the n−sphere.
Our objective in this work is to propose a control strategy for the asymptotic stabilization of a given reference point x d ∈ S n while avoiding the constraint zones defined as follows
where a i ∈ S n are points on the n−sphere representing the center of the corresponding constraint zones and θ i ∈ (0, π/2) is the angle that describes the smallest angle (between x and a i ) allowed outside the constraint zone. The constraint zone O i is obtained by taking the intersection of the right circular cone, which has vertex at 0, axis a i and aperture 2θ, with the sphere S n . We consider the following assumption which imposes that the closures of the constraint zones O i are pairwise disjoint.
Without loss of generality we further assume that the obstacle O 0 axis coincides with the coordinate axis e n+1 = (0, · · · , 0, 1) as in the following assumption.
Assumption 3 a 0 = e n+1 .
If this was not the case, we can simply find a suitable change of basis that brings us to this configuration. We now define our constrained state space as
Note that S n is a metric space if we pair it with the geodesic distance d :
Therefore, in view of (6) and (8), the constrained space M can be written as follows:
which has the following topological interior (with respect to the metric space (S n , d))
Next, we state the following feasibility assumption which imposes that the desired reference point x d must lie in the interior of the free space M.
Assumption 4 x d ∈ int S n (M).
Finally, note that we have formulated the problem for the first order kinematic model on the n−sphere to simplify the exposition of the main ideas. Nevertheless, the extension of the proposed approach to a second-order dynamic model on S n × R m is described later in subsection 3.3.
Main Results
The idea of this work is to map the given problem of constrained stabilization on S n to a stabilization problem with obstacle avoidance in the Euclidean space R n . By doing that, we can benefit from the large body of work that exists to solve the traditional obstacle avoidance problem on R n .
Mapping the constrained n−sphere
First we map the constrained n−sphere manifold M to a constrained Euclidean manifold. For this purpose, we define the stereograpic projection map ψ :
or more compactly
where J n is defined as follows
Geometrically speaking, the stereographic projection of a point x ∈ S n \{e n+1 } represents the unique point ψ(x) describing the intersection of the line, that passes by e n+1 and x, with the hyperplane {x ∈ R n+1 : x n+1 = 0}. The stereographic projection map finds many applications in cartography Snyder (1987) and photography German et al. (2007) . It is not difficult to show that ψ is actually a diffeomorphism with the inverse given explicitly by the map ψ −1 :
Note that ψ(·) is well-defined on the whole constrained manifold M thanks to the fact that e n+1 = a 0 ∈ O 0 which is excluded from M as in (7). Before we proceed, Fig. 1 . Using the stereographic projection ψ(·), we map the unit n−sphere with conic constraints to a Euclidean sphere world formed from the disjoint union of a finite number of (n − 1)−spheres.
we give the following useful identities for the matrix J n J n J n = I n+1 − e n+1 e n+1 (15) J n J n = I n (16) J n e n+1 = 0.
Now, we show in the following lemma that the stereographic projection maps the constrained space M to a Euclidean sphere word on R n as defined in Koditschek and Rimon (1990) , see Figure 1 .
Lemma 1 Consider the constraint zones {O i } i∈I as defined in (6) under Assumptions 2-3. Then, the image of these constrained zones via the stereographic projection ψ is given by the following pairwise disjoint spherical subsets of R ñ
where c i ∈ R n and r i ∈ R >0 are given by
It follows from Lemma 1 that the stereographic projection ψ maps the constrained manifold M, which is embedded in R n+1 , onto an n−dimensional Euclidean sphere world 2 that consists of one large (n − 1)−sphere R n \ ψ(O 0 ) which bounds the workspace and other smaller disjoint (n − 1)−spheres ψ(O i ) that define obstacles in R n that are strictly contained in the interior of the workspace. The obtained Euclidean sphere world is denoted byM
3.2 Mapping the kinematic model on the n−sphere
Since our constrained state space M is diffeomorphic to a sphere world, one may think to use (Koditschek and Rimon, 1990 , Proposition 2.6) to obtain a suitable navigation function on M by considering the composition of ψ with an existing navigation function on Euclidean sphere worlds. However, since the kinematics system (3) is not a simple integrator and the map Π(x) is not full row rank (by Assumption 1), the use of the negative gradient of the obtained navigation function on M does not generate a gradient flow on M and therefore we cannot enjoy the nice properties obtained in Koditschek and Rimon (1990) .
Nevertheless, using the stereographic projection ψ, we show first that under a suitable class of control laws the kinematic model (3) evolving originally on M can be transformed to a kinematic system (single integrator) evolving on the Euclidean sphere worldM. To see that, we consider the change of variable
Then, in view of (3), the derivative of ξ with respect to time is then given bẏ
where ∇ψ : S n \ {e n+1 } → R n×(n+1) denotes the Jacobian matrix of the function ψ(·).
Lemma 2 If Assumption 1 holds, then Σ(x) ∈ R n×m is full row rank for all x ∈ S n \ {e n+1 }.
PROOF. First note that since ψ is a diffeomorphism, its Jacobian matrix must be full rank and therefore rank(∇ψ(x)) = n for all x ∈ S n \ {e n+1 }. Therefore, by the rank-nullity theorem we have dim(ker(∇ψ(x))) = 0 and thus ker(∇ψ(x)) = {0}. Moreover, under Assumption 1, we have rank(Π(x)) = n and therefore by applying (Bernstein, 2009, Fact 2.10 .14., item ii)) one obtains rank(Σ(x)) = rank(∇ψ(x)Π(x)) = rank(Π(x)) − dim(ker(∇ψ(x)) ∩ Im(Π(x))) = n − dim({0} ∩ T x S n ) = n. follows (Bernstein, 2009 , Proposition 6.1.5)
Therefore, we can apply a feedback to render the dynamics of ξ linear as sketched in Figure 2 and shown in the the following result.
Proposition 1 Consider the first order dynamics (3) evolving on the constrained n−sphere manifold M under the following control law
where v ∈ R n is a virtual control input. Then, the corresponding dynamics of the new variable ξ = ψ(x), evolving on on the constrained Euclidean manifoldM, arė
PROOF. This straightforwardly follows by substituting (26) in (23) and noticing that Σ(x)(Σ(x)) + = I n .
According to Proposition 1 and Lemma 1, and under the control input (26), the problem of designing a control law that steers and stabilizes points on the n−sphere to the reference x d , while keeping the trajectory outside the conic constraint zones give by (6), is equivalent to finding a control law that stabilizes the reference ξ d := ψ(x d ) for the single integrator dynamics (27) while avoiding the spherical obstaclesÕ i in R n . As a consequence, different controllers from the vast literature on obstacle avoidance, e.g., Koditschek and Rimon (1990) ; Loizou (2017); Vrohidis et al. (2018) ; Berkane et al. (2019) , can be employed to solve the constrained stabilization problem on the n−sphere.
Note that if we have more than two conic constraints, i.e., I ≥ 2, the resulting constrained Euclidean mani-foldM is not diffeomorphic to a Euclidean space (due to the presence of obstacles) and, therefore, there is a topological obstruction to derive a continuous feedback that globally asymptotically stabilizes ξ = ξ d . On the other hand, in the case of a single conic constraint O 0 , the resulting constrained Euclidean manifold is simplỹ M = R n \Õ 0 which, in view of Lemma 1, represents the ball bounded by the sphere of radius cot(θ 0 /2). Therefore, the constrained stabilization task is trivially and globally achieved via the feedback v = −γ(ξ −ξ d ), γ > 0, without resorting to an obstacle avoidance mechanism.
In fact, for all ξ ∈M such that ξ = cot(θ 0 /2) (boundary points) we have
where we used the fact that ξ d 2 < cot(θ 0 /2) (since ξ d is an interior point). Therefore,M is actually forward invariant. This result is related to the well-known Alexandroff one-point compactification in general topology Alexandroff (1924) . In fact, when removing a single point from the unit n−sphere the resulting manifold will be diffeomorphic to a Euclidean space and therefore global asymptotic stability is possible via a continuous feedback.
Mapping the second-order model on the n−sphere
Here we note that the proposed approach applies also to a second-order model on S n . To see that, suppose instead that we have the following second order dynamic model on the n−sphereẋ
where the state (x 1 , x 2 ) evolves on the manifold S n ×R m and u ∈ R m is the control input. Consider the following change of variables
which results in the following dynamicṡ
where ∇ x1 (Σ(x 1 )x 2 ) is the Jacobian of Σ(x 1 )x 2 with respect to the x 1 component (taking x 2 as a constant). Therefore, the control law
leaves us with the double-integrator dynamicṡ
where v ∈ R n is the new virtual control input.
Example
We illustrate the effectiveness of our proposed solution by considering the following kinematic model of the spherical pendulum on S 2
where × denotes the cross product and u is the angular velocity of the pendulum. In view of (12), the Jacobian matrix of ψ can be explictly calculated as follows:
Using the cross product identities Π(x) = −Π(x) and Π(x) 2 = −I 3 + xx as well as identities (15)- (17), we obtain after some simplifications
It follows from (25) that the pseudo inverse used in (26) is simply given explicitly by
Next, to design the virtual input v in (27) that solves the obstacle avoidance problem onM, we consider the navigation functions-based approach of Koditschek and Rimon (1990) . In particular, we consider the navigation function
with k = 5 where β(·) is given by
Note that parameter k used above needs to be tuned above a certain threshold in order to eliminate local mina although this threshold does not have an explicit expression in the available literature. We then consider navigation along the negative gradient of φ such that v = −γ∇φ(ξ), γ > 0.
For simulation, we pick x(0) = (−1, 0, 1)/ √ 2 and x d = (1, 2, −2)/3. We consider 5 constraints zones such that a 0 = e 3 , a 1 = e 1 , a 2 = −e 1 , a 3 = e 2 and a 4 = −e 2 . The angles are given by θ i = π/(7 + i) for all i = 0, 1, · · · , 4. It is therefore easy to check that all Assumption 2-4 are satisfied. Simulation results are plotted in Figure 3 which show a successful constrained stabilization on the unit n−sphere in the presence of different constraint zones.
5 Conclusion
In this work we solved the problem of constrained stabilization on the n−dimensional sphere in the presence of an arbitrary number of disjoint conic constraints. Our approach consists in showing that the problem at hand can be mapped to a traditional obstacle avoidance problem in a Euclidean space punctured by spherical obstacles. In particular the stereographic projection was used to map the constrained sphere manifold to a constrained Euclidean manifold while the resulting first and second order dynamics on the n−sphere where transformed, via feedback, to single and double integrators on R n . An interesting future work is to study other types of nonconic constraints on the n−sphere by investigating their resulting image, via the stereographic projection, in the Euclidean space. Finally, the proposed solution opens new perspectives in the field of constrained stabilization on other Riemannian manifolds.
A Proof of Lemma 1
First, note that c i and r i are well-defined since, by Assumption 2, it holds that a 0 a i ≤ cos(θ 0 + θ i ) for all i ∈ I \ {0} which implies that a 0 a i < cos(θ i ) since θ 0 , θ i ∈ (0, π/2). Now, let x ∈ O 0 which means that x = 1 and x a 0 > cos(θ 0 ). In view of (12) we have ψ(x) 2 = x J n J n x (1 − e n+1 x) 2 (15) =
x 2 − (e n+1 x) 2 (1 − e n+1 x) 2 = 1 − (e n+1 x) 2 (1 − e n+1 x) 2 = 1 + e n+1 x 1 − e n+1 x = 1 + a 0 x 1 − a 0 x .
(A.1) Since the function z → (1 + z)/(1 − z) is monotonically increasing on the interval [−1, 1), we have therefore x a 0 > cos(θ 0 ) is equivalent to ψ(x) 2 > (1 + cos(θ 0 ))/(1 − cos(θ 0 )) = cot 2 (θ 0 /2) which shows (18). Now, let x ∈ O i for i ∈ I \ {0}. Then, we have
= 1 + a 0 x 1 − a 0 x + a i J n J n a i (cos(θ i ) − a 0 a i ) 2 − 2a i J n J n x (cos(θ i ) − a 0 a i )(1 − a 0 x) (15) = 1 + a 0 x 1 − a 0 x + 1 − (a 0 a i ) 2 (cos(θ i ) − a 0 a i ) 2 − 2a i x − 2(a 0 a i )(a 0 x) (cos(θ i ) − a 0 a i )(1 − a 0 x) .
(A.2)
Using (6), we further obtain ψ(x) − c i 2 (6) < 1 + a 0 x 1 − a 0 x + 1 − (a 0 a i ) 2 (cos(θ i ) − a 0 a i ) 2 − 2 cos(θ i ) − 2(a 0 a i )(a 0 x) (cos(θ i ) − a 0 a i )(1 − a 0 x) = 1 − cos(θ i ) 2 (cos(θ i ) − a 0 a i ) 2 = r 2 i (A.3) which proves (19) . Moreover, since ψ is a diffeomorphism, it follows from Assumption 2 that the sets {ψ(O i )} i∈I are pairwise disjoint.
